A higher order theory of the motion of close satellites in the vicinity of the critical inclination is developed for the case of small eccentricity as well as moderate eccentricity. Terms up to the third order of magnitude are included for a potential which is plane symmetrical. It is shown that solutions up to this order can be obtained by using only Jacobian elliptic functions for the case of small eccentricity. However, for moderate eccentricity, elliptic integrals of the second kind or the Jacobian zeta-function are required. To obtain further approximations, elliptic integrals of the third kind are necessary for the case of small eccentricity; but, for the case of moderate eccentricity only the Jacobian elliptic functions and elliptic integrals of the second kind are required. In any case, the solutions are, in general, periodic functions-as is well known from the form of the equations of motion. 
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Many authors have shown their interest in the motion of close earth satellites near the critical inclination (for example, References 1-5). However, almost all of these authors have considered only the first terms, which are of the order of the square of J 2 in the equations of motion. However, it was first shown by Izsak (Reference 5) that continuations of the ordinary treatment of the libration to the higher approximations would break down; and, in the case of small eccentricity, some lib ration of a peculiar kind including the next order of magnitude would occur. The first term, which has e o 2 as a factor, is so small that the next order term-which would be considered as a higher order of magnitude in the normal case-becomes the same order of magnitude as the preceding term. However, he presented this only for a consideration of the form of the Hamiltonian; he did not try to solve the equations of motion with time as the independent variable.
Here some expressions for these solutions will be presented, not only for the case of small eccentricity, but also for the normal case including terms up to the third order of J 2 in the original equations of motion, where J 2 is the coefficient of second zonal harmonics of the earth's potential and J 4 is assumed to be of the order of the square of J 2 and, further, J 6 to be of the third order of magnitude. The odd harmonics will be totally neglected. A higher order theory including these terms is under consideration, but must be treated in the future.
The method adopted is to introduce intermediary solutions, of which the argument A.U is only slightly different from time (the independent variable) except for a constant factor, and such that by which the amplitude of the lib ration or the change of states-in other words, a transition from revolution to libration-is fully determined. In the case of small eccentricity, the intermediary solution can be obtained by the following integration: where 71/2 -w l is the mean value of the argument of perigee and ' A is constant; this integration can be performed even if only the Jacobian elliptic functions are used, as will be seen in a later section. * Further approximations, beyond the aforementioned order of magnitude, would require more complicated calculations. Some comments will be made on the subject although explicit formulas are not included. Izsak, after removing the so-called periodic perturbations, wrote the equations of motion: dp
where w is the mean value of the argument of perigee; p is some function of G, the conjugate variable to w; and
Since T has a factor of J 2' the terms of the order of j in <II correspond to those of the order of J 22 or J 4 in the original equations of motion.
In this paper we have started with a Hamiltonian similar to the one used by Izsak but have added some additional terms in order to more easily consider the higher order terms; although this explicit evaluation, from the coefficients of zonal harmonics of the earth's potential and from the integration • A list of symbols is given in Appendix A. constants, is not given. We are concerned with the solutions of the equations of motion which contain the Hamiltonian up to the order of j 2:
although some comments will be made on obtaining higher order approximations.
EQUATIONS OF MOTION
We shall now consider the following equations: dp = a<l> dT aw ' (1) where
and an' f3 n , y n are constants which satisfy a 2 > 0, 13 0 > o.
In order to remove the first degree term of p in the Hamiltonian function, we change the variable
If we take the terms up to j 2 in Equation 2, we have from which
Thus, the equations, 
We have considered terms up to the order of j 2 in'll, assuming x is the order of j 1/2. We know that 'II (6) where r is constant, is an integral of Equation 4. Neglecting higher order terms, we can easily obtain an expression for x from Equation 6: du .
where ~u is the Weierstrassian elliptic function of the second order. We assume that the integration constant is such that
which corresponds to the initial condition of wI = 0 when u = 0, as will be seen later. Then we have However, this expression is so general that, at first glance, we cannot see how the function behaves for real values of u, which is the only case of interest. Therefore, in order to clarify its behavior, we shall divide the problem into several cases. 
The case 1 ~ y .::; 13 ~ a does not correspond to any real case in the theory of the critical inclination of close artificial satellites (Reference 5); therefore, we omit this case here, although similar expressions are obtainable if we substitute sin cu = cos CUt instead of sin CUi in Equation 1.
where 
It should be noted that the form of y in Equation 14 yields a real function, when A. 2 ~ 0 and 1 ~ k 2 ~ 0 • This is made possible by choosing an appropriate sign of the above root function (which is, of course, a double-valued function) in such a way that i1+P+Q~O;
this is possible because P and Q are real and satisfy the inequalities
.... .... Table 1 List of Solutions for dW I
A2
Character of the Motion 
THE CASE OF SMAll ECCENTRICITY
If 13 0 (~e02) and f are of the same order of magnitude as j ,then the argument given for the equations of motion becomes somewhat simpler because x is of the order of j so that the terms a 3 x 3 and a 4 X4 in Equations 5 are negligible provided we include terms up to the second order in these equations. Moreover, in the expression /LX02 it is sufficient to consider only terms up to the second order. In the case of small eccentricity near the critical inclination, yo itself (Equations 5) would be of the order of j 2, which is also negligible (Reference 8).
Thus, in this case, the intermediary solutions descrJbed in a previous section would give sufficient accuracy provided that we take Equations 1 to the second order. Now putting 13 0 = jf3~, f = jf' we have from which we obtain (a, (3) From Rewriting the above and combining it with the real/imaginary criterion results in the following scheme:
. then
Case ii.
Case ib;
Case ia;
The critical cases are easily obtained by comparing the above scheme with Table 1 . In order to be able to distinguish between the different cases, a diagram is drawn with the parameters expressed by Figure 1 we take a point which is moving around the critical point iii in a counterclockwise direction, we will find the change of the period and of the character of the motion as given in Table 2 .
In any case the solutions of Equations 1 up to the order considered here, are given in case ia by using Equations 3, 7, 9, 12 and 13; Table 1 .
For the other cases, we can easily obtain the results from Table 1 in a similar manner. Table 2 Behavior of the Period and the Character of the Motion. where 'AU is given by Equation 22. The order of magnitude adopted here corresponds to the second order of Equation 7.
Case ic: Revolution
In this case a formula similar to the aforementioned one can be given:
from which we have
we have, by inversion, where
We note that a 1 f-L 1/2 am AU, the second term of the right side of Equation 23, also contributes to the change of the period-contrary to Case ib, where the corresponding term, a 1 f-L 1/2 k-1 sin -1 (k sn All) ,'is purely periodic provided 0.::: k 2 .::: 1. It is easily seen that, roughly speaking, Case c corresponds to Case b where k> 1. At any rate, for the former case we have the following solutions of Equation 1: 
GENERAL SCHEME OF THE FURTHER APPROXIMATIONS
In order to solve the equations with higher order terms, it is first necessary to solve an equation such as Equation 6 which contains these terms. Even if the original equations of motion are limited to finite terms, the Equation 6-type of equation is, in general, an algebraic equation with cos 2 W as the unknown. When combined with the second equation of Equation 4, we find that (d/dT) (cos 2 w) is equal to an algebraic function in cos 2 w. The solution of a differential equation of this kind would involve Abelian integrals-many valued functions, more complicated than the elliptic integrals. Therefore, the solution becomes so complicated that we cannot see the general character of the motion at a first glance. However, if we restrict ourselves to the solution of a real function, the complicacy would be much reduced.
In this section we are concerned with the cases where the character of motion is quite similar to the former cases, except for slight changes caused by the higher order terms. or If the solution of 7)-1 dW I = du* could be obtained in a simple way, as in the previous cases, then using u* as an intermediary parameter would be a direct extension of the previous cases. But this integral is, in general, an Abelian integral as we have just stated. A general treatment is not suitable for practical purposes. As an alternative, we shall consider the following situations. 
Here we again divide the problem into two subcases: 
/3: Case of small eccentricity
In this case the most important factor in r -a o (sin2 wI' j) is not the 1 -a sin 2 wI term, as in the previous case, but is (1 -a sin 2 WI) (1 -/3 sin 2 w) , where both a and /3 are of the order of 1. Therefore we cannot expand each of the above factors into power series beginning with a constant term.
Or more concretely, hereafter a o , I is assumed to be of the order of j : a OI = j a~ ,I and, also, it is assumed that where ao',1 corresponds to /30" and a O ,2 to -(1/4) /3/ a 2 -1 . Also, we denote by a-I, /3-1 the solutions of which approach the solutions of It should be noted that the odd power terms in Equation 31 do not contribute any change to the period of lib ration, where e: I = 0, which corresponds to the case of libration.
DISCUSSION
The denominator of the right side of Equation 11 is a square root of a quartic of x. A general treatment of such a case was carried out by Andoyer (Reference 11) and extended by Hagihara (Reference 12) in connection with the libration problem of asteroids (see also Reference 13) . Both of them used the s-function of Weierstrass; nevertheless, we feel the integration form described here is more suitable for this special case, owing to the fact that only real functions are involved. For example, if f3 ~ 0 in Equation 10, du ,  where k 2 = a, from which, if 0 < a< 1, we have sin WI = sn u, which is, of course, a limiting case of ie, etc. Thus the present work represents some natural extensions of the derivation of well-known Jacobian elliptic functions.
For the numerical computation, integrating Equation 17 in the literal form may not necessarily be the best way, for a direct numerical integration of Equation 17 is more effective, since its denominator generally does not become very small-otherwise, the numerical integration would lose its validity. However, the problem of inversion of a numerical function still would remain.
CONCLUSION
Equations 1, which have terms up to second order of j, have been solved both for the case of small eccentricity and for moderate eccentricity. In the former, the intermediary solutions themselves are sufficient for the present discussion, since the solutions have an accuracy of the order of 1 for cos w (neglecting the order of j) and of the order of j for p (neglecting j 2). This accuracy corresponds to the order of j 2 in the Hamiltonian, since p has the factor of j and the argument of the solution is neither T alone nor multiplied by a constant factor of order of 1, but T multiplied by that of order j.
On the other hand, in the second or normal cases, the solutions have the accuracy of order j for cos wand j 3/2 for p, which corresponds to j 2 in the Hamiltonian. 
